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Musical Scales

Background Material for Tuning and Temperament
The building up of a musical scale is based on two 
assumptions about the human hearing process:

1. The ear is sensitive to ratios of frequencies (pitches) rather than to differences in establishing musical intervals. 

2. The intervals which are perceived to be most consonant are composed of small integer ratios of frequency.
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	The octave, fifth, and fourth are the intervals which have been considered to be consonant throughout history by essentially all cultures, so they form a logical base for the building up of musical scales. A typical strategy for using these univerally consonant intervals is the circle of fifths.


Musical Intervals

The term musical interval refers to a step up or down in pitch which is specified by the ratio of the frequencies involved. For example, an octave is a music interval defined by the ratio 2:1 regardless of the starting frequency. From 100 Hz to 200 Hz is an octave, as is the interval from 2000 Hz to 4000 Hz. The intervals which are generally the most consonant to the human ear are intervals represented by small integer ratios. Intervals represented by exact integer ratios are said to be Just intervals, and the temperament which keeps all intervals at exact whole number ratios is Just temperament. 

	Examples of just musical intervals: 
	2:1
	octave

	
	3:2 
	fifth

	
	4:3
	fourth

	
	5:4
	major third

	
	6:5
	minor third

	
	
	


Pythagorean Temperament

A pentatonic musical scale can be devised with the use of only the octave, fifth and fourth. It produces three intervals with ratio 9/8 and two larger intervals. If a 9/8 (whole tone) interval is carved out of the larger ones, a smaller (semitone) interval is left: B-C and E-F. This creates a Pythagorean diatonic scale. If the semitone thus created is taken from the whole tone, a chromatic semitone of different size is left over. This leads to some of the difficulties of Pythagorean temperament and other temperaments - such difficulties ultimately led to the development of equal temperament. 
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Pythagorean Intervals

The Pythagorean temperament produces two different semitones. When expressed in cents, it becomes evident that their differences are well above the just noticeable difference in pitch.
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Temperament Problems

For over two centuries the predominant musical scale used, at least for western music, has been the equal tempered scale. The ability to freely modulate between musical keys and the equivalence of all musical keys were strong enough features to overcome reservations about the compromises made with the small-integer-ratio rule. The kinds of problems which led to this compromise scale were: 
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The Whole Tone

In the buildup of a pentatonic scale using the musical intervals which have been found to be universally consonant ( octave, fifth, and fourth), an interval of ratio 9/8 naturally emerges. This interval satisfies the basic condition for consonance and it occurs in the basic pentatonic scale. This suggests the carving of another such whole tone from the larger interval remaining, leaving the smaller 256/243 interval. This whole tone is used in the Just and Pythagorean temperaments. In devising the equal tempered scale it was important to maintain not only the octave, fifth, and fourth at close to their just values, but also to maintain the whole tone. Expressed in cents notation, the natural whole tone is 204¢, compared to 200¢ for the equal tempered whole tone, just within the accepted 5¢ just noticeable difference. 
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The natural wholle tone that arises in Pythagorean temperament leads to certain difficulties when compared to equal temperament as shown below. 
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Comparison of Musical Intervals
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The use of cents notation facilitates the comparison of musical intervals in the different systems of temperament. The small-integer-ratio rule for musical consonance is embodied in the just intervals above. The use of 5 cents as the just noticeable difference in pitch helps in the assessment of the magnitudes of the deviations. Using just temperament as the reference, it will be noted that major and minor thirds in equal temperament are the most out of tune with the just intervals. Another useful type of comparison of temperaments is that encountered in the tuning of a major triad.
Musical Clefs
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The Equal Tempered Octave
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The middle octave on the piano is shown as a standard example of equal temperament. Since a musical interval is defined by a ratio, the division of an octave into 12 equal intervals (equal tempered semitones) involves finding the ratio by which you multiply the starting frequency f twelve times to get a frequency 2f. If this ratio is represented by a, then 
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Proceeding up the equal tempered scale, each note is about 6% higher than the previous note. 

Cents

Musical intervals are often expressed in cents, a unit of pitch based upon the equal tempered octave such that one equal tempered semitone is equal to 100 cents. An octave is then 1200¢ and the other equal tempered intervals can be obtained by adding semitones:
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Calculating Cents

The fact that one octave is equal to 1200 cents leads one to the power of 2 relationship: 
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This is convenient for calculating the frequency corresponding to a certain number of cents. To calculate the number of cents for any two frequencies, the above relationship must be reversed. Taking the log of both sides gives:
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Advantages of Cents Notation

Examining the semitone A to B-flat at different points in the range of the piano will illustrate the fact that if expressed in cents, every equal tempered semitone is the same. Expressed in Hz difference, every semitone is different. The interval value in cents expresses the ratio of the frequencies, which is the same for every equal tempered semitone. 
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Included with the semitone intervals above is an evaluation of the deviation in Hz needed to equal 5¢, the nominal just-noticeable difference for these pitches. Note that the range represented by 5¢ increases from less than a tenth of a Hz at the low end of the piano to about 10 Hz at the top end of the piano.

Just Noticeable Difference in Pitch

The just noticeable difference in pitch must be expressed as a ratio or musical interval since the human ear tends to respond equally to equal ratios of frequencies. It is convenient to express the just noticeable difference in cents since that notation was developed to express musical intervals. Although research reveals variations, a reasonable estimate of the JND is about five cents. One of the advantages of the cents notation is that it expresses the same musical interval, regardless of the frequency range. 
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	You can hear about
a nickel's worth of difference
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	Harmonic Intervals in Cents

Expressing the musical intervals between successive harmonics in cents notation helps to show the relationship between the harmonics and the equal tempered musical scale. The equal tempered intervals are all in multiples of 100 cents, so the departure from such a multiple is an indication of how much the just interval is out of tune with equal temperament. 

If any musical source produces a fundamental and a series of exact harmonices, then it is evident that the upper harmonics will be out of tune with the corresponding equal tempered notes. Examination of the illustration will make it evident that the 7th harmonic shows the most severe departure from any equal tempered interval. This is important in the design of brass instruments, since they use the upper resonances of the instrument as played notes in a harmonic sequence. Fortunately, the upper resonances of brass instruments can be tuned closer to equal temperament in the manufacturing process so that the problem is not so severe, but the seventh resonance is still troublesome. 

	Major and Minor Triads

The major and minor triads are used widely in western music. In terms of just musical intervals, these triads can be expressed as whole number ratios of frequencies. The actual frequencies vary slightly in other temperaments, but the labeling of the intervals is the same.
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Note that the 4th, 5th and 6th harmonics of a harmonic sequence form a major triad: The pitch ratio 4:5:6 is the triad. The minor triad does not fit so neatly in the harmonic sequence, the smallest whole number ratios that produce a minor triad being 10:12:15.

Variation of major triad with temperament



Major Triad Differences

	The differences between Just, Pythagorean , and Equal Tempered scales becomes evident in the tuning of a triad. The fifth is essentially the same for the three temperaments, but the major third differences are significant. 
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	The frequencies for the major triad A-C#-E are shown at left. The three different major thirds are labeled in cents, and the difference can be seen to be larger than the just noticeable difference of 5¢.


The difference between the Just and Phythagorean major thirds is 22¢, which is called the "syntonic comma". Nine commas make approximately a whole tone. 

	Pythagorean intervals


